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Abstract. The main purposes of this paper are to establish some new Brunn-
Minkowski inequalities for L,-width-integrals of mixed projection bodies and
L,-affine surface area of mixed bodies.
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81. Introduction

In recent years some authors including Balll, Bourgainl?, Gardner[®,
Schneider® and Lutwak®~' et al have given considerable attention to the
Brunn-Minkowski theory and Brunn-Minkowski-Firey theory and their various
generalizations. In particular, Lutwak(” had generalized the Brunn-Minkowski
inequality (1) to mixed projection body and get inequality (2):

The Brunn-Minkowski inequality If K,L € K", then
V(K +L)Y" > V(K)Y" + V(L))" (1)
with equality if and only if K and L are homothetic.

The Brunn-Minkowski inequality for mixed projection bodies If
K,L e K", then

V(II(K + L))/"=D > V(ILK) V= 4 v (IL) /ey, (2)

with equality if and only if K and L are homothetic.

On the other hand, width-integral of convex bodies and affine surface areas
play an important role in the Brunn-Minkowski theory. Width-integrals were
first considered by Blaschkel'! and later by Hadwiger!'?. In addition, Lutwak
had established the following results for the width-integrals of convex bodies
and affine surface areas.
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The Brunn-Minkowski inequality for width-integrals of convex
bodies!'’)

IfK,.LeK" i<n-—1

with equality if and only if K and L have similar width.

The Brunn-Minkowski inequality for affine surface areal”

If K,L € k", and 1 € R, then fori < —1
with equality iof and only if K and L are homothetic , while for v > —1

with equality if and only if K and L are homothetic.

In this paper, we firstly generalize inequality (3) to the L,-width-integrals
of mixed projection bodies and get the following result.

Result A If K1, Ks,....K,, € K", and C = (K3,...,K,), then for
p>l,i<n—1

B, (I1(C, Ky + K))V ) < B, (IL(C, K1)V + B, (IL(C, K») ") (6)

with equality if and only if II(C, K1) and II(C, K3) are homothetic.

Secondly, we prove that analogs of inequalities (4)-(5) for L,-affine surface
area of mixed bodies.

Result B If Ky, Ky, ..., K, € K" and all of mized bodies of K1, Ko, ..., K,

have positive continuous curvature functions, then for p > 1
O ([Ky + Ky, Ks, ..., K,]) )/

> O ([Ky, K, Ky )" 4 Q (Ko, K, . K] (7)

with equality if and only if [K1, K3, Ky, ..., K,] and [Ky, K3 . .., K] are homo-
thetic.

Please see the next section for above interrelated notations, definitions and
their background materials.
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82. Notations and Preliminary works

The setting for this paper is n-dimensional Euclidean space R™(n > 2). Let
C™ denote the set of non-empty convex figures(compact, convex subsets) and
K™ denote the subset of C" consisting of all convex bodies (compact, convex
subsets with non-empty interiors) in R", and if p € K", let K7 denote the
subset of K™ that contains the centered (centrally symmetric with respect to
p) bodies. We reserve the letter u for unit vectors, and the letter B is reserved
for the unit ball centered at the origin. The surface of B is S"~!. Foru € S"1,
let E, denote the hyperplane, through the origin, that is orthogonal to u. We
will use K" to denote the image of K under an orthogonal projection onto the
hyperplane F,.

2.1 Mized volumes

We use V(K) for the n-dimensional volume of convex body K. Let h(K,-) :
Sm~1 & R, denote the support function of K € K"; i.e.

h(K,u) = Mar{u-z:2 € K}, ue S" ", (8)

where u - x denotes the usual inner product v and z in R™.
Let 0 denote the Hausdorff metric on K"; i.e., for K, L € K",

(K, L) = |hg — hr|oo,

where ||, denotes the sup-norm on the space of continuous functions, C'(S™™1).

For a convex body K and a nonnegative scalar A\, A\K, is used to denote
{A 2 € K}. For K; € K", \; > 0,(i = 1,2,...,r) ,the Minkowski linear
combination Y7, \;K; € K" is defined by

)\1K1+"'+)\TKT:{/\1[)31—’—"'—}-)\711'7”GK”IJ]Z‘EKZ‘}. (9)
It is trivial to verify that
h(MEKy+ -+ MK ) = MA(Ky ) + - -+ Ah(K ). (10)

If K;e K"(i=1,2,...,r) and \;(i = 1,2,...,r)are nonnegative real num-
bers, then of fundamental impotence is the fact that the volume of Y7 \; K
is a homogeneous polynomial in \; given by

V(AlKl + -t ATKT) — Z )\7,'1 e Ain‘/h...inv (]'1)
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where the sum is taken over all n-tuples (i, ..., ,) of positive integers not ex-
ceeding 7. The coefficient V;, ; depends only on the bodies K;,,..., K;, , and
is uniquely determined by (11), it is called the mixed volume of K, ,..., K;, ,
and is written as V(K;,,..., K; ). Let K3 = --- = K, ; = K and K,,_;;1 =
-+- = K,, = L, then the mixed volume V(K] ... K,,) is usually written V;(K, L).
If L = B, then V;(K, B) is the ith projection measure(Quermassintegral) of K
and is written as W;(K'). With this notation, Wy, = V(K), while nW;(K) is
the surface area of K, S(K).

2.2 L,-Width-integrals of convex bodies

For u € S" 1 b(K,u) is defined to be half the width of K in the direction
u. Two convex bodies K and L are said to have similar width if there exists
a constant A > 0 such that b(K,u) = A\b(L,u) for all w € S*~1. For K € K"
and p € intK, we use K? to denote the polar reciprocal of K with respect
to the unit sphere centered at p. The width-integral of index 7 is defined by
Lutwak!’: For K € K",i € R

1

B() =+ [ b as),

where dS is the (n — 1)-dimensional volume element on S™!.
The width-integral of index ¢ is a map

It is positive, continuous, homogeneous of degree n — i and invariant under
motion. In addition, for ¢ < n it is also bounded and monotone under set
inclusion.

L, width-integral of index ¢ is defined by

1

nwy,

B,i(K) = wy, ( /S . WK, u)p<"-i>d5(u))1/p, p>1. (12)

The following result!!” will be used later

b(K + L,u) = b(K,u) + b(L,u), (13)
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2.8 The radial function and the Blaschke linear combination

The radial function of convex body K, p(K,-) : S"! — R, defined for
ue S" L by
p(K,-) = Max{\>0: A u € K}.

If p(K,-) is positive and continuous, K will be call a star body. Let ¢™ denote
the set of star bodies in R".
A convex body K is said to have a positive continuous curvature function!,

SK,): "1 = [0,00),
if for each L € ¢", the mixed volume V(K L) has the integral representation

Vi(K, L) = % [ UL S (),

The subset of K™ consisting of bodies which have a positive continuous cur-
vature function will be denoted by ™. Let k! denote the set of centrally
symmetric member of k™.

The following result is truel®, for K € "

/ uf(K,u)dS(u) = 0.
Sn—l

Suppose K, L € " and A\, u > 0(not both zero). From above it follows that the
function A\f(K,-) + uf(L,-) satisfies the hypothesis of Minkowski’s existence
theorem(see [13]). The solution of the Minkowski problem for this function is
denoted by A\ - K+ - L that is

f(A'K—T_:u'Lf):)‘f(Kv')—i_,uf(L?')a (14)

where the linear combination \- K +pu- L is called a Blaschke linea combination.
Similarly, for L,-curvature function, we have

fp()"K—T—M'La') :/\fp(K")+pr(L")7 (15)

2.4 Mixed affine area and mized bodies
The affine surface area of K € ", Q(K), is defined by

QK) = - FK,w)™ " dS (u). (16)
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It is well known that this functional is invariant under unimodular affine trans-
formations. For K, L € k", and 7 € R, the ith mixed affine surface area of K
and L, Q;(K, L), was defined inl® by

(K, L) = FUS )=/ £(L ) D dS (u), (17)
Sn—1

Now, we define the ith affine area of K € ™, Q;(K), to be Q;(K, B), since
f(B,-) =1 one has

Qi(K) = - FK,u)m= /(g8 (y), i eR.
the Lp-affine surface area, Q,(K), of convex body K is defined by
0K = [ s ), (18)
Lutwak® defined mixed bodies of convex bodies K1, ..., K,_; as [Ky,...,
K,,_1]. The following property will be used later:

[Kl —|— K27K3, ey Kn] — [Kl,Kg, ceey Kn]—T-[KQ, Kg, . e 7Kn] (19)

2.5  Mixed projection bodies

If K;(t: = 1,2,...,n—1) € K", then the mixed projection body of K;
(1=1,2,...,n—1)isdenoted by II( K7y, ..., K, 1), and whose support function
is given, for u € S*~1, byl”

h(II(Ky, ..., Ky q),u) =v(K}, ..., K" ). (20)
It is easy to see, II(K7,..., K,_1) is centered.

Ilezz n_l_i:KandKn_i:---: n_lzL,thenH(Kl,...,

K, 1) will be written as II;(K, L). If L = B, then II;(K, B) is called the ith

projection body of K and is denoted II; K. We write Iy K as I1K.
The following property will be used:

(K3, ..., Kp, K1 + Ky) = II(Ks, ..., K, Ky) +1(Ks, ..., K, K3) (21)
83. Main results and their proofs

Our main results are the following results which were stated in the intro-
duction.
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Theorem 1 [If K1, Ks,...,K, € K" and C = (Kj,...,K,), then for
p>1 i<n—1

By i(IN(C, Ky+K))V ™) < By, (T(C, Kq)) "4 B (I1(C, Ko) V9, (22)

with equality if and only if II(C, K7) and II(C, K3) are homothetic.
Proof From (12), (13), (21) and notice for i < n — 1 to use the Minkowski
inequality for integral'*"14" we obtain for p > 1

B, (II(C, K + K5))Y/ 9 =

— <W" <m1un /S bINC Ky Ka), u)"=ds (u))l/p>

_ (W"( ! /Sn_lb(n(qmwn(q Kz)ju)p(n_i)ds(u))l/py_i

nwy,

n—1i

n—1i

nwy,

) <w” (o [ s ape-asto) Up)
+ (wn (mlun /Sn_1 b(I1(C, K2)7U>P(n—i)ds(u>>1/p>n

= By, (I(C, Ky)) 9 4 B, i (T1(C, Ky)) V0,

with equality if and only if II(C, K;) and II(C, K3) have similar width, in view
of II(C, K;) and II(C, K3) are centered (centrally symmetric with respect to
origin),then with equality if and only if II(C, K;) and II(C, K3) are homothetic.
The proof of inequality (22) is complete.
Taking p = 1 to (22), (22) changes to the following result

Corollary 1 If K|, K,,..., K, € K" and C = (K3, ..., K,), then

1/p
:<wn< ! /S n_l(b(H(C,Kl),u)+b(H(O,Kz),u))ﬂn—i)dS(u)) )

n—i

—1

B;(II(C, Ky + K3))Y =9 < By(II(C, Ky))Y "9 + By(II(C, K,)Y ™D, (23)

with equality if and only if I1(C, Ky) and II(C, K3) are homothetic.
Taking p = 1,7 = 0 to (22), inequality (22) changes to the following result
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Corollary 2 If Ky, Ks,..., K, € K", let C = (Kj3,...,K,), then
B(H<C7 K1+ KQ))l/n < B(H(C7 Kl))l/n + B(H<C7 KQ)I/na (24)

with equality if and only if II(C, Ky) and I1(C, K3) are homothetic.

Theorem 2 [f K, K, ..., K, € K" and all of mized bodies of K1, Ks, ...,
K,, have positive continuous curvature functions, then forp > 1

O ([Ky + Ko, Ky, ..., K, 9/

> QO ([Ky, K3, Ky ..., K, )" 4 QL ([Ky, K, . .., K,]) P/ (25)

with equality if and only if [Ky, K3, Ky, ..., K,| and [Ks, K3 . .., K,| are homo-
thetic.

Proof From (15), (18), (19) and in view of the Minkowski inequality for
integrall'>"147 we obtain that

Qp([Kl + K27 K37 K47 v 7Kn])(n+p)/n

(n+p)/n
= ( fp([K; +K2,K3,K4,...,Kn],u)”/(”+p)d5(u))
S'n—l
- (n+p)/(n
N ( fp([Kl, KS’ K4’ e 7Kn]+[K27 K37 s 7Kn]ﬂ u)n/(n'ﬁﬂ)ds(u))
Sn—1

(n+p)/n
- (/ ({‘},([Kl, K3, Ky, K, )+ fo([Ky, K, . . Kn],u))"/(”+p)d5(u)>

n—

(r+9)/n
> ( F[KL, Ky, Koy, .. ,KnLu)n/(ner)dS(u))
Sn—1

(ntp)/n
+ < Fol[Ka, K, .. ,Kn],u)nmmp)dg(u))
Snfl

= QP([Kl’ K37 K47 s 7Kn])(n+p)/n + Qp([K27 K?,, ey Kn])(n—i-p)/n’

with equality if and only if [K7, K3, Ky, ..., K,| and [K3, K3, ..., K,] are ho-
mothetic.
The proof of Theorem 2 is complete.

Taking p =1 to (25), we have
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Corollary 3 [If Ky, K,, ..., K, € K" and all of mized bodies of K1, K, . . .,
K, have positive continuous curvature functions, then

QK + Ky, Ks, ..., K,])n 0/

> Q([Kh K?n K47 ce 7Kn])(n+1)/n + Q([KQ, Kg, Ce ,Kn])(nJrl)/n’

with equality if and only if [Ky1, K3, Ky, ..., K,] and [Ky, K5 . .., K,] are homo-
thetic.
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