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1 Introduction

Let © be a domain of R™ with smooth boundary 0f2.
Recall the Dirichlet and Neumann problems for the Laplacian.

(1) Dirichlet Problem (DP):
Find v € C%(Q) N C(Q)) such that

Au=fin Q, u=g on . (1)
(2) Neumann Problem (NP):
Find u € C%(Q) N C*(Q) such that

Au = fin Q, %:gl on 0, (2)

where 7, is the outward unit normal to 0 at x € 99, j—u is the normal derivative of u at
z, f: Q— R, and g, g1 : 92 — R are prescribed continuzgttls functions.

By analogy with the Green function for the Dirichlet problem for a domain 2, we consider
the Green type function for the Neumann problem for Q2 (also known as Neumann’s function,
or Green’s function for the Neumann problem or Green’s function of the second kind). We
will give the explicit forms of the Neumann’s functions and the solution of the Neumann
problem for the upper half-space of the n-th dimensional euclidian space R™, n > 2.
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The concept of Green type function for (NP) has been considered by several authors
([14], [9], [19], [10], [17], [15], [2], [6], [12], [13]).

In [3], there are presented the expressions of the Green’s functions for the Neumann’s
problem for a ball in R? and R3. In [12], Neumann’s function for the sphere in R? is
constructed using the classical method of images and expressed in terms of eigenvalues
associated with the surface, leading to an analogue of the Poisson integral as a solution to
the Neumann problem for the sphere. In [6], there are given the Neumann’s function and
the solution of the Neumann problem for the interior and the exterior of the sphere of R™,
n > 2.

Green functions of the Laplacian for Neumann problems relative to all domains bounded
by the coordinate surfaces in the circular cylindrical coordinate system are constructed in

[2].
In [13] it can be found a construction of the Green function for the three-dimensional

Laplace equation, in the interior of an arbitrary rectangular channel subject to homogeneous
Neumann conditions on the boundaries.

The explicit forms of the Green’s function and of the Neumann’s function G and G in
the half-plane x5 > 0 in R? are given in [10], while in [17] there are given the Green’s and
Neumann’s functions for both the half-plane x5 > 0 and the upper half-space z3 > 0 in R3.
However, in both books it is not proved that the functions u and u; obtained by means of
G and G and Green’s formula are solutions of the (DP) and (NP), respectively.

In [9], the explicit expressions of the Green’s and the Neumann’s functions are given for
the upper half-spaces Ri and Ri, and it is shown that the functions u and u; obtained with
their aid are solutions of the (DP) and (NP), respectively, under the hypothesis that g and
g1 are analytical. Physical interpretations of the Green’s and Neumann’s functions can be
found in [9]. Also the Green’s and Neumann’s functions for the interior and the exterior of
the unit circle in R? and unit sphere in R? centered at the origin are given in [9].

In [19], it is constructed the Green’s function for the Neumann problem formulated for
the unit sphere in R? centered at the origin. Also in [19], there are obtained the explicit
solutions v and u; of the (DP) and (NP) using Green’s formula for the tridimensional
upper-half space, respectively (without using the Green’s function for (DP) or the Green’s
function for (NP)). Then it is proved that u and w; are indeed solutions of (DP) and (NP),
respectively, under the assumptions: g and g; are continuous on z3 = 0, g is bounded and

< # . o . )
lg(x1, 22)| < W where 0 < a < 1, and M is a positive constant

In [4], it is derived the Green’s function and it is shown a Poisson Formula for the positive
half-space of R, n > 2.

We obtain the Green type function for the positive half-space R}, n > 2, and use it
to find the solution of the (NP) under the assumption that ¢ is continuous and bounded
on R"71 and g; is continuous and with compact support in R*~! (subsection 3.3). The
cases where €2 is the positive half space Ri and Rf’r, respectively, are presented in details
under hypotheses different from the ones considered by other authors (subsection 3.1 and
subsection 3.2).
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2 Green Functions for Dirichlet and Neumann Prob-
lems

Suppose that the function u € C?(22)NC* (). Then the following (Riemann-Green) formula

holds, i.e.,

= x u\xr)axr — X fﬁi Tr)—ulx gg&gig) g
uy) = [ Gepsu@d— [ (@ gt@ - uw e, @)

where G(z,y) = ¥(|lz — y||) + g(z), x€Q, y € Q, z # y, §(z) is an arbitrary harmonic
function in 2 and

P(r) =

T2—n

m,ifn>2andw(r):%1nr, ifn=2, (3"

with r = || — y||. Finally, o, is the surface area of the unit sphere in R™.
Suppose that the function G(x,y) in the above formula satisfies the additional property

G(z,y) =0 for z € 90, y € Q. (4)
Then the solution u of (DP) with the regularity u € C?(2) N C(Q) (if any) is given by

wwﬁcwwﬂWM+/gm“m”M%. (5)

o9 dig
A Green’s function G(z,y) for A on 2 is a function G as above, i.e., having the properties
r — G(x,y) belongs to C*(Q\ {y}), A.G(z,y) = 0 for x € Q, G(z,y) = 0, for z € 99,
y € Q.
For the Neumann problem, u is not prescribed on the boundary 92 of €2, so the formula
(3) suggests to look for a function G = G; with the condition

G
Cll(:’y) — 0, for « € 99, (6)

instead of G(x,y) = 0, for x € 99 for the Dirichlet problem. This means to find a function
g(r) = K(z,y) with x — K(z,y) in C1(Q) N C?(Q), Vy € Q,

A K(x,y)=0,Va, y e,

dK (e.y) _ dvlle -yl _

dny dng

—z//(r)L ; y ‘N, x €00, y e,

Tl—n

. Therefore, the solution u; € C?(2) N CY(Q) (if

where 1) is given above, i.e., /(1) =
n

any) of the (NP) is necessarily given by

m@=/GmwﬁMmH G (2,9)g1 (2)do. (7)
Q o0

Such a function G; will be called a Green type function for the (NP) on Q (also called
Green’s function for (NP) in [14], [19], [3], [2], or Neumann’s function in [9], [17], [15], or
Green’s function of the second kind in [10]).
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3 Green function for the Neumann Problem for R’

In this section we will build Green’s functions for the (DP) and (NP) for the half-space R},
n > 2, using the ideas developed in Section 2. After that, we will check directly that the
corresponding representation formulas for the solutions of (DP) and (NP) are valid under
appropriate assumptions on g and g;.

First we consider the cases n = 2 and n = 3 under hypothesis on g; different from the
ones used by other authors.

3.1 Construction of the Green function for the Neumann Problem
for R%

[14] Let Q = {z = (z1,22) € R% 22 > 0} be the positive half-space. Clearly, 92 = {x =
(r1,72) € R?,29 = 0} = {x = (21,0),2; € R}. For y = (y1,y2) define by reflection
* = (y1, —y2). Then the function:

1 N ~
Glz,y) = o_(Inflz —yl = infz —y*[), z€Q ye, z#y, (®)
is a Green function for the (DP), and

1 N ~
Gl(xay) = %(ln”x - y” —I—ln||x ) ||)a S Qa ye Qa Y 7& Y, (9)

is a Green type function for (NP).
As|lz—yl = lx—y*|| = r for y € Q, x € IQ, it follows that G(x,y) =0, x € Q, y € .
The outward normal 7, to 9Q = {z = (x1,72) € R?, 25 = 0} at x € 9Q is n, = (0, —1).
The normal derivative of G is:
dG oG

dnm - _87332 = 7T_1y27"_2 with z = (xlao)vy = (y17y2)7y2 > 07
dGy

=0.

where r? = (x1 — y1)? + y3. Similarly we can check that

Nz
The formula (3) suggests that a solution to the problem: Au = 0 in Q, u = g on 09,
could be

dG v [ yeg(r)da
wn) = [ ) gyt =t [ LI (10)

with z = (Ilao)mg(‘rlvo) = g(x1)7y = (ylayQ)v Y2 > 0.
1
Clearly Gi(x,y) = —In|lx — y||, for x = (21,0), y € Q. Therefore, (3) suggests that a
T
possible solution to the Neumann problem (with f = 0) could be

w(y) = - /a Gila ) (@)do, = =" / " gi(en)inlle — yldas, (11)

— 00
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with z = (21,0), g1(21,0) = g1(21), y = (y1,92), 92 > 0.

The functions g and ¢g; must guarantee the convergence of the improper integrals (10)
and (11), respectively (i.e., the existence of u and wu; ), and the fact that these functions u and
uy are solutions of the above Dirichlet and Neumann problems with f = 0. An important
case in which these requirements are fulfilled is given by:

Theorem 1 Let g be continuous and bounded on R and gy be continuous with compact
support in R. Then the functions u and uy given by the improper integrals (10) and (11)
satisfy:

1L ueC*()NC(Q),Au=0inQ, u=g on dQ.

~ d
2. uy € CHQ)NCYQ), Auy =0 in Q, dL‘l = g1, on 9.
Tz
Proof. The key fact is the elementary formula:
71—71 /OO y2dx21 5 = 17 Tr = (I1a0)7y = (yl»yZ)a Y2 > 0. (12)
—00 (‘Tl - yl) + Y3

which follows by the change of variable: x1 — y; = y22, so dx1 = yadz.

The fact that u and u; are harmonic in € follows by differentiating under the integral
sign, in conjunction with:

dG d _
Ayﬂ(‘xﬁu) = W(AyG(fﬁ/y)), G(.’L’,y) = G(y7il') fOI' HES Q? Yy € Q7 T 7& Y, and
xz €T

AyG(z,y) = AyG(y,xz) =0 for z € 00, y € Q.

As ¢ is bounded and ¢, is continuous and with compact support in R, v and u; given
by (10) and (11) are bounded.

Let us to prove that u(x) = g(z) for x = (z1,0), i.e., that

lim u(y) = g(yo), Yyo with yo = (y5,0),y = (y1,y2), with y > 0. (13)

Y—Yo

In view of (10), we can write

) —alw) = [ OGN, 14

Y= (y17y2)7 Y2 > 0.
Given € > 0, there exists d(e) > 0 such that

lg(x1) — g(yd)| <€, for |z — yg| < 0.

Let us write:

_ ol ya(g(@1) — g(yg))dzy
u(y) — g(yo) = /zlyg|<a 0 2+ 12 +

_ M d
el / y2(g(x1) 92(110))2 4 D (15)
|w1*y?‘25 (.’1,'1 o yl) + y2
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In view of (10) and (12), it follows that |I;] < e. Moreover, by the same change of
variable as above, we have:

0

075 yl—é—yl
/yl yodxq / vz dz 0 a ! L0
T N9 . 9 — , a8 Y1 Yo, Y2 .
oo (m1—w)? 43 oo 14 22 0
Similarly,
oo oo
Y2dxy dz .
S ot S -, — oyl ys L0
/y?+5 (21 —)? + 3 /L“*yl 1+ 22 8 41— Yo, Y2 |
Y2

It follows that lim,_,,, Io = 0, as g is bounded on R. This in conjunction with |I;| < e
implies limsup,_,, |u(y) — g(yo) < € Ve > 0, so (13) is valid.

Under the hypotheses on g;, the function u; is well defined and of class C1(€2). Differ-
entiating under the integral sign we obviously obtain:

) _ o [ e
oo (

Oy2 =)y
d 0
On the basis of the previous discussion, this implies d—ul = — 151 ) = ¢1(y) on the
Ty Y2

boundary 0f) of € as g; is bounded, which completes the proof.

3.2 Construction of the Green function for the Neumann Problem
for R?

We build the Green functions G and G for the (DP) and (NP), respectively, in the situation
where Q = Rﬁ_, and then we verify directly that the representation formulas of the functions
u and wu; obtained by means of G and G; do indeed provide us with solutions of the (DP)
and (NP), respectively.

The following classical result will be needed to achieve that (Theorem 1.1.11, [1]).

Theorem 2 [1] Let f : R™ — (—00,00) be a measurable function and let R > 0.
i) If | f(2)| < cl|lz|| =, for all x € R™ with ||z|| < R, where c is a positive constant, and
A < n, then |f(z)|dx < 4o00.
lzlI<R
i) If | f(x)| < cl|=|| =, for all ¥ € R™ with ||z|| > R, where c is a positive constant, and

A >n, then |f(z)|dx < 4o00.
lzl|>R

Next we construct the Green function for the Neumann problem for the positive half-
space R3.

Let Q = {z = (21, 22,23) € R® 23 > 0} be the positive half-space. Clearly, 9Q = {z =
(1, 22,23) € R3 23 = 0} = {z = (21,22,0), (z1,22) € R?}. For y = (y1,y2,y3) define by
reflection y* = (y1,y2, —y3). Then the function:
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1 _
G(x,y ,r e, ye, z#y, 16
R 1o
is a Green function for the (DP) with f =0, and
1 _
Gi(z,y) = reQ, ye, x#y, (17)

dnlle —yll e~y

is a Green type function for (NP) with f = 0.
As|lz—y|| = |lz—y*|| =rfory € Q, z € 99, it follows that G(z,y) =0, z € I, y € Q.
The outward normal 7, to 0 = {x = (71,72,73) € R3, 23 = 0} at * € 9N is 0, =

dG oG
(0,0,—1). The normal derivative of G is % = " om = 23:;3 with z = (x1,22,0),y =

(y1,92,y3),y3 > 0, where 72 = (1 — y1)? + (22 — y2)? + y3. Similarly we can check that

W—O fOI'Z‘GaQ yEQ
The formula (3) suggests that a solution to the problem: Au = 0 in Q, u = g on 94,

could be

dG y3g(x1, ro)dr dx
w) = [ g de =g [ [ et
o0 e (1 —31)2 + (2 —y2)? + y3)2
with z = (xlvx%o)a g($1,$270) = g(xlax2)a Y= (y17y27y3)7 Y3 > 0. (18)
Clearly G1(z,y) = m, for x = (21, 22,0), y € Q. Therefore, (3) suggests that a
Tz —y
possible solution to the problem Au =0 in €, du = g1 on 012, could be
g1(r1,72)
=— G Ydn, = — x1d 19
wl) == [ Giemm@in =g [~ [ a0, (19)

with & = (21, 22,0), 91 (21, 22,0) = g1(z1, 22),y = (y1,Y2,¥3), y3 > 0.

The functions g and ¢g; must guarantee the convergence of the improper integrals (18)
and (19), respectively (i.e., the existence of v and u; ), and the fact that these functions u and
uy are solutions of the above Dirichlet and Neumann problems with f = 0. An important
case in which these requirements are fulfilled is given by:

Theorem 3 Let g be continuous and bounded on R?, and g1 be continuous and with compact
support in R%. Then the functions u and uy given by the improper integrals (18) and (19)
satisfy:

1. ueC*(Q)NCQ),Au=01inQ, u=g on O

2. uy € C2(Q)NCHQ), Auy =0 in Q, ZUI
Nz

=g1 on ON.

Proof. We will use the formula

_ i /oo /oo y3d.§c1dl'2 -1 (20)
T ) oo S oo [(m1 — y1)% + (22 — y2)? + 43]2 7
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where z = (xlax270)a Yy = (y17y2ay3)7 Y3 > 0.
To show (20), we make the change of variables z1 — y1 = y32, T2 — Y2 = ysw, SO
dry = ysdz, dry = ysdw. The integral Iy becomes

/ / dzdw
=5, (22 + w2 + 1)3/2

. dt
Since CEYDEE = \/7 + C, we get

! TR T dz d
27r t1—1>I£loot2E>noo . (z2—|—w2+1)3/2 w

[ lim  lim ( - ﬁf)] dw
0o t1——00 tea—00 (w2 + 1) Z2 + w2 + 1
1 [ .. to . 1
= — lim — lim
21 J oo |t27o0 (w2 + 1)\ /B3 + w2 +1  fi2=o0 (w2 + 1)y/tF +w? +1
1 [~ 1 1 S|
= —/ ———dw=— lim lim ——dw
™ w? +1 T tis—ocota—oe [, w? 41
1

=— lim lim (arctants — arctant;) = 1.
T t1——00 ta—00

The fact that v and u; are harmonic on (2 follows by differentiating under the integral
sign and taking into account that G1(z,y) = G1(y,z), c € Q,y € Q, x # y, AyGi(z,y) =
Ay(;é;(y,x) =0, yde Q, x € 012, and
Ay%(xay) = %(AQG(xvy)% G(Z,y) = G(y,l’) for Yy 7£ T, T € Qa Yy < Qa AyG(IC,y) =
AyG(y,z) =0 fory € Q, x € Q.

As ¢ is bounded on R2, and g¢; is continuous and with compact support in R?, v and u;
given by (18) and (19) are bounded due to Theorem 2.

Let us to prove that u(x) = g(z) for © = (z1, 22,0), i.e., that

Jim, u(y) = 9(y), (21)

for all § = (91, 92,0), y = (y1, 2, y3), with y3 > 0.
In view of (18) and (20), we can write

u(y) — / / (g(x1,22) — 9(y1,y2))d90162$327 (22)
o (21 —91)* + (22 —12)* +y3]2

where Y= (y17y2ay3)7 Yz > 0, Y= (2?1,@2,0), T = (331,332,0), (331,332) € R
Given € > 0, there exists d(€) > 0 such that

lg(x1, x2) — g(71,92)| <€, for |[(x1,22) — (71, 72)]| < 9.
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‘We obtain
uly) — // y3(g(x1,22) — (71, ¥2))dr1das
I(@rw)— @g)ll<s (@1 — y1)% + (22 — y2)? +3]3
, —g(y1,92))dx1d
// y3(g(x1 ff;) 9(71 y2)2) T f; L4l (23)
(@1,22)—(G1,52) 126 (X1 — 1) + (w2 — y2)2 + y3]2

From (20), it follows that |I;| < e.
We will bhOW that the integral I» converges to zero for y — .

5
I lly =gl < 5 llz = gl 2 6, we get
_ i 5 1,
[z =yl < IIw—yH +ly=all < llz =yl + 5 < llz =yl + 5o =7l

1 _
and so ||z —y|| > in =yl

Since g is bounded, let M > 0 be a constant such that |g(z)| < M, for all z € R%.
Then
yzdw1dro

‘I2| < T// 2 3
m ll@1,m2)—(70,52) 126 [(T1 — y1)? + (22 — y2)? + 43]2

8My3 // d.’Eld.’EQ
— — 0,
ll(@1,22)—(G1,82)126 [(T1 — §1)? + (22 — §2)?]?

as y — 7, i.e., as yg3 — 04, because the above integral is bounded in view of Theorem 2.
We conclude that lim I = 0, which in conjunction with |I3] < € implies lim sup |u(y) —
vy y—=7
9(9)| <e, for all € > 0, so (21) is valid. B
Under the hypotheses on g; the function u; is well defined and of class C* (). Differen-

tiating under the integral sign we obviously obtain:

~Ou(y / / y391(9€1, x)dzydrs
3y3 R [(z1 —y1)? + (w2 — y2)? + yg]%

On the basis of the previous discussion, this implies:

d

d—ul = —81(;1(31) = ¢1(y) on the boundary 9 of © as g; is bounded, which completes the
Ty Y3

proof.

3.3 Construction of the Green function for the Neumann Problem
for R7

Next we generalize the result of section 3.2 by constructing the Green function for the Neu-
mann problem for the positive half-space R, n > 2.

Let Q = R} = {& = (21,22,...,2,) € R", 2, > 0}, n > 2, be the positive half-space.
Clearly, 0Q = {z = (z1,22,...,2n) € R", z, =0} = {x = (21,...,2,-1,0), (x1,...,2p_1) €
Rn—l}.

For y = (y1,¥2, - - -, yn) define by reflection y* = (y1, ..., Yn—1, —Yn)-

Then the function:
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G(:L" y) = _w(x7y) + w(x’ y*)7 x 6 Q) y E Q7 x # y7 i'e"

1 1

G(z,y) = — , 24
) = o Dolle =92~ (0= 2)onllz = g2 (34
is a Green function for the (DP) with f = 0, and
Gl('r7y) = _’(/}($7y) - ¢($7ZU*)7 T e Q» Y S Qa X 7é Y, i'e'7
1 1

+ ;
(n=2onllz —yl[*=2 (0= 2)on[lx —y*["=?

is a Green type function for (NP) with f = 0.
As |z —y| = lx —y*|| = for y € Q, x € 09, it follows that G(z,y) =0, x € I, y € Q.

The outward normal 7,, to 9Q at x € 9Q is 0, = (0,...,0,—1). The normal derivative
dG 090G _ 2y,

of G is % = E - O'n’f‘n’ Tr = (xla"'vxn—lao)7 Y= (y17"'ayn—layn)> Yn > 0, where
dG

2 = (r1 —y1)?+ ...+ (@p_1 — Yn_1)? + y2. Similarly we can check that L —0, for
T

eI, ye.
The formula (3) suggests that a solution to the problem: Au = 0 in Q, u = g on 09,
could be:

dG 2Un g(z)
uy:/ u(z)—(z,y)do, = — —_—
_ %/m /oo g1, ..., xp_1)dry ... de, 1 (26)
On Jooe  Joso @1 =)+ (Taet —yn1)? ]2

r = (.’L'], cee 7xn7170)a g(xla cee 7:1;77,71’0) = g(xla e ,In,]_), Yy = (yla cee 7yn); Yn > 0.
The function u is the solution of the (DP) with f = 0 (see [4] for the proof of the Poisson’s
formula for the half-space of R"}, n > 2).

2
Clearly G1(z,y) = (n—2)op ||z —y|"=2’

for v = (z1,...,2,-1,0), y € R}.

d
Therefore, (3) suggests that a possible solution to the problem Awu = 0 in €, ﬁ =g
on 0f), could be ’
2 g1 ()
uw == [ Gileno(e)do, = - / do, (27)
ORY, (n—2)on Jogrn |z —yl"?

T = (xla sy Tn—1, 0)391(1'17 ce 7zn—170) = gl(xla s axn—1)7y = (yla s ayn)v Yn > 0.

The function g; must guarantee the convergence of the improper integral (27) (i.e., the
existence of uy), and the fact that this function u; is solution of the Neumann problems
with f = 0. An important case in which these requirements are fulfilled is given by:
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Theorem 4 Let g be continuous and with compact support in R* 1.
Then the function uy given by the improper integral (27) satisfies:

dU1

up € C2(Q)NCYQ), Auy =0 in Q, an,

=g1 on ON.

Proof. We will use the formula

2 1
Iy = i/ — do, =1, (28)
on Jory |l —yll"

where z = (1,...,2,-1,0), ¥y = (Y1, -+ -, Yn), Yn > 0.

The fact that u; are harmonic on €2 follows by differentiating under the integral sign
and taking into account that Gi(z,y) = Gi(y,z), # € Q,y € Q, @ # y, A,G1(z,y) =
AyGi(y,x) =0,y € Q, x € 0N

As g1 is continuous and with compact support in R" =1, u; defined by (27) is bounded
due to Theorem 2.

d
Let us to prove that du = g1(x) for z = (x1,...,2,-1,0), i.e., that
Nz
du
lim — = ¢1(7), 29
o 91() (29)

forall y = (y1,...,Un-1,0) fixed, and y = (y1,...,Yn), Yn > 0. B
Under the hypotheses on g; the function u; is well defined and of class C'*(Q). Differen-
tiating under the integral sign we obviously obtain:

dup _ Oua(y) 3/ Yng1(7)
dny OYn In Jorn ”x _y”n

dog.
In view of (27) and (28), we can write

duy 2y g1(z) — 1 (y
Mgy =2 [ D=,
Ty On Jorn lz =yl

where Yy = (yh s 7yn)7 Yn > 07 g = (gh' . 7@%—150)7 T = ('rh' .. 7In—170)a (Ila v 7xn—1) €
R"~1,

Given € > 0, there exists d(e) > 0 such that
l91(2) = 91(9)| <¢, for ||z — gl <0.

1)
Then if ||y — g|| < 5 Y € R%, we have

p gy dog + —
Ty On

2 =yl on Jorm\Bs llr—yl" !

duy 7) = 2&/ 91(@) — g1(y) 2Yn g1(x) — gl(ﬂ)d
OR™NB(7,0)

=1 + I, (30)
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where B(7,0) = {z € R"; ||z — g|| < ¢}.
From (28), it follows that |I;| < e.

N ) i
If |y — gl < 2 lz =7l >0, we get
~ B 5 1 B
lz =gl < llz = yll + lly = gll < llz =yl + 5 < = =yl + 5llz = gll,

1 _
and so ||z —y|| > §||CU — 9.

Since g; is bounded, let M > 0 be a constant such that |g;(z)| < M, for all z € R"~L,

Then
2yn

OR? \ B(7,6) onllz =yl

2n+2 0 f 1
< 7%/ fndaw - 07
On OR\B(,6) lz — 9l

L] < 2M

doy

as y — ¢, i.e., as y, — 0+, because the above integral is bounded in view of Theorem 2.
d
We conclude that lim Ir = 0, which in conjunction with |I1]| < € implies lim sup \—u -
91(7)] < e, for all € > 0, so (29) is valid, which completes the proof.
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